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Introduction 
It is nearly 25 years since the Society of Dyers and 
Colourists first published a guide for students studying for 
the ASDC examinations in colour physics [l]. Without 
doubt, the booklet has provided useful guidance to 
students over the intervening years. Of course, the 
fundamental laws covering the interaction of light with 
matter, and the principles of the CIE system of colour 
specification have not changed, but significant progress 
has been made in applied areas, most notably in the field 
of colourdifference equations. 

The purpose of this update is to present new problems 
and calculations which are relevant to colour physics 
today, to assist students in their preparation for Paper A of 
the ASDC examinations. It is hoped that students in 
colleges and universities studying colour physics for 
diploma or degree awards will also find the new 
information useful. 

The structure which has been adopted to corresponds 
to that used in the ASDC study guide. However, one of the 
difficulties in adopting this approach is that of developing 
the subject from one section to another. For example 
questions in section 2.2 and 2.3 require a knowledge of 
L*u*b* values, which are not dealt with until section 2.4. In 
such cases it is suggested that students tackle section 2.4 
firstly. 

It is important that, in addition to performing 
numerical calculations correctly, students have an ability 
to interpret numerical data and draw conclusions from 
them, thereby demonstrating a full understanding of the 
subject. Consequently, problems have been selected 
which comprise knowledge, calculation and inter- 
pretation. It is sometimes difficult to construct questions 
that elicit appropriate explanations of results and students 
are advised to consider the wording of questions in 
examination papers very carefully to ensure they 
understand what is required. 

The underlying theory of each section is explained 
briefly. The Society’s excellent textbook on colour physics, 
which covers the subject in detail, is strongly 
recommended [2]. As a general point however, students 
should read around the subject area as much as possible 
and be prepared to discuss problems with their tutors and 
peers. Some of the questions which follow are taken from 
past ASDC examination papers and in such cases this is 
indicated. It should be noted however that the method of 

solution adopted may not be the only method of arriving 
at the correct answer. The explanations given are only 
illustrative and mention briefly the salient issues; they are 
not comprehensive. 

Colour vision and colour reproduction 
This is essentially a descriptive part of the syllabus, but a 
part which is of fundamental importance because the 
principles are of direct relevance to colour specification. 
Numerical problems usually involve Maxwell disc type 
calculations which are based on one of Grassman’s laws of 
additive colour mixing. The amount of a coloured 
stimulus required to match a mixture is equal to the sum 
of the amounts required to match the individual com- 
ponents. The tristimulus values must be used in such 
calculations since they represent the amounts of the three 
coloured stimuli required to match a colour. 

If a disc whose surface contains different colours is 
rotated at high speed so that the colours merge, the overall 
colour seen depends on the colours present (specified by 
their tristimulus values) and the fraction of the area they 
occupy on the surface. Thus, the colour matching 
equation is X ,  =fix, + f& + fsX, + . . . where X, is the X 
tristimulus value of the mixture, XI, X ,  etc. are the 
tristimulus values of the colours 1,2  etc., andfi,f2 etc. are 
the fractions of the surface occupied by the colours 1,2, 
etc. Similar equations are constructed to determine the Y 
and Z tristimulus values of the mixture. 

Worked example 1 (ASDC 1984, question 1) 
Three chromatic surfaces (A, B and C) are irradiated by 
illuminant D65. The light reflected from equal areas of each 
of the surfaces is intimately mixed. Calculate the 
chromaticity co-ordinates of the mixed light from the 
following data for the individual surfaces. 

Surface x y X Y Z  

A 0.200 20 55 
B 0.450 0.450 60 
C 0.600 3 0 5  

Solution and comments 
The remaining tristimulus values of the colours are 
required and are obtained using the ratios derived from 
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the equations for chromaticity coordinates, XIy = W, etc., 
andx + y + z = 1. 

Colour A: z = 0.2 x 55/20 = 0.55 

hence y = 1-0.55-0.2 = 0.25 

Y = 20 x 0.25l0.2 = 25 

X = 60 x 0.4510.45 = 60 

so 

Colour B: 

Z = 60 x (1 - 0.45 - 0.45yO.45 = 13.33 

Colour C: z = 0.6 x 5/30 = 0.1 

hence X = 30 x (1 - 0.1- 0.6y0.6 = 15 

The fractions of A, B and C in the mixture are all 0.333, 

so X ,  = 0.333 x (20 + 60 + 15) = 31.66 

Y ,  = 0.333 x (z + 60 + 30) = 38.33 

Z, = 0.333 x (55 + 13.33 + 5) = 24.44 

gving x = 31.6694.4 - 0.335 and y = 38.33D4.43 = 0.406 

Methods of colour and appearance 
specification 

Colour atlases 
It is well known that colour is three-dimensional and 
colour atlases are structured in order that colours 
representative of the colour space can be represented in a 
systematic manner. The three basic attributes of colour 
vision are hue, brightness and colourfulness. However 
one of the intriguing features of human colour vision is its 
ability to compensate for changes in lighting conditions 
and consequently the relative perceptual attributes, 
lightness and chroma are defined [3] in addition to 
brightness and colourfulness respectively. 

One of the most well known colour atlases is that 
developed by Munsell. The Munsell Book of Color consists 
of arrays of coloured chips which are arranged so that on 
each page each chip has the same hue. The lightness of the 
chips (termed the ‘Value’ by Munsell) increases on moving 
from the bottom of a page to the top and the chroma 
increases on moving out from the spine of the book to the 
edge of a page. There are five principal hues, red (R), 
yellow (Y), green (G), blue (B) and purple (P), and five 
intermediate hues, YR, GY, BG, PB and Rl? There are four 
pages of each hue, for example, 2.5R, 5R, 7.5R and 10R, 
with that numbered 5, for example 5R, being the ’purest’ 
of each hue. One deviation from this Fle  however is that 
a ‘pure’ blue lies nearer to Munsell 5PB than to 5B. The 
neutral grey scale lies in the spine of the book and has ten 
steps from 0 (perfect black) to 10 (perfect white). The 
chroma of colours increases from 0 (neutral grey) to values 
of the order of 16-20. The chips on each page of the atlas 
have been selected so that they change in equal visual 
increments [3]. 

Worked example 2 
Estimate the Munsell co-ordinates of samples A, B and C, 
given that their 1976 CIE L*a*b* values are: 

Sample L* a* b‘ 

A 6 0 2 0 2  
B 68 -60 15 
C 25 2 -3 

Solutions and comments 
The L* scale is a visually uniform scale ranging from 0 to 
100, whilst the Munsell ’Value’ ranges from 0 to 10 in equal 
visual steps. Hence, the Munsell ‘Values’ of the samples 
are likely to be (to the nearest 0.5 step): sample A: 6, 
sample B: 7, sample C: 2.5. 

It is useful to inspect the locations shown in Figure 1 of 
the Munsell hues in the a*b* diagram. Sample A will have 
a red hue since it lies a little above the +a axis, but Munsell 
hue 5 colours lie quite appreciably above this axis so its 
hue co-ordinate will be probably 3R or 4R. Sample B will 
lie not far away from the hue line of ‘pure’ green (ie 5G). 
Sample C has very low chroma but hue pointing in 
approximately the pure purple direction, so 5P is a good 
bet. 

The chroma co-ordinates are less easy to estimate, but 
Figure 3 of reference 4 provides a useful guide, even 
though ANLAB ab values, not CIE a*&* values are plotted. 
Very roughly, 2 steps in Munsell chroma correspond to 
about 10 units in the a*b* diagram, but it does vary with 
hue (notice the slight ‘egg-shaped’ plots in Figure 3 of 
reference 4), so on this basis the approximate chroma 
coordinates will be approximately: sample A: 4, sample B: 
12, sample C: 0.5. Munsell co-ordinates for colours are 
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Figure 1 Location of Munsell Hue 5 colours in the ab diagram 
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specified in the order hue value/chroma, so the co- 
ordinates for the three samples will be: sample A 3R 6/4 
sample B: 5G 7/12 sample C: 5P 2.5/0.5. 

Worked example 3 
A paint panel of a colour represented by 1OY 6/6 changes 
on weathering to 7.5Y W4. Describe: 
(a) The original colour of the panel; 
(b) The nature of the change in colour on weathering 
(c) The direction in which the L*C*h" values of the colour 

will change on weathering. 

Solution and comments 
(a) With a hue co-ordinate of lOY, the panel is very much 

greener than 'pure' yellow and will be a yellow green. 
It is fairly light, with a value of 6 (above 'mid' 
lightness), but of only modest chroma. 

(b) On weathering, the panel moves away from the green 
towards the pure yellow. It also becomes lighter, but 
loses chroma. Thus it becomes yellower, lighter and 
paler. 

(c) L* will increase from about 60 to 80. C* will decrease 
from about 30 to 20 and the hue angle will decrease 
from about 135 to about 1109 

CIE system and the computation of tristimulus values 
Central to the CIE system is the 'standard observer', 
defined by the iA yA iA tristimulus values. These values are 
the amounts of the imaginary primaries [XI, [yl and [Z] 
respectively which are required to match each narrow (1, 
5, 10 or 20 nm) waveband of the equi-energy spectrum 
(depending on the wavelength interval chosen). When all 
wavelengths are viewed simultaneously, then the sum of 
all these individual values will be required and the 
tristimulus values X, Y, Z, are given by: 

The tristimulus values of a surface colour of spectral 
reflectance R ,  viewed under a standard illuminant with a 
spectral power distribution EA are given by: 

where k (the normalising constant) is l/jEAyAdA. 
There are two approximation methods which reduce 

the amount of computation involved, the selected 
ordinate method and the weighted ordinate method. Of 
these, the weighted ordinate method is preferred because 
of its superior accuracy. This method replaces the integrals 
by summations of the form: 

in which the ordinates Wx,lr Wy,. W,,J are the products 
EA~A,  E&, E A ~ A  respectively and are weighted by the 
normalising constant and the wavelength interval. Thus, 

if a spectrophotometer gives reflectance values at 20 nm 
intervals between 400-700 nm, then the appropriate 
weighted ordinates for 20 nm intervals are used. Most 
textbooks on colour physics give tables of weighted 
ordinates for various combinations of illuminants and 
wavelength intervals. It should be noted, though, that 
such tables assume that the reflectance data with which 
they will be used are expressed as a factor, not as a 
percentage. 

The chromaticity co-ordinates of the colour are given 
by: 

X Y 
X + Y + Z  x + Y + Z  X =  Y =  

A plot of x against y gives the chromaticity diagram 
(Figure 2), from which objective specifications of hue and 
saturation can be obtained. The hue is indicated by the 
dominant wavelength, which is determined by extending 
a straight line from the location in the diagram of the 
illuminant under which the colour was measured, 
through the location of the colouz to the spectrum locus. 
The wavelength on the spectrum locus (dominant 
wavelength) indicates the hue of spectral light which must 
be added to the illuminant to match the coloui However, 
it should be remembered that loci of constant hue are 
slightly curved in the chromaticity diagram, so dominant 
wavelength only indicates the approximate hue of the 
colour. A measure of the saturation of a colour is the 
excitation purity, which is the ratio of the distance the 
colour lies from the illuminant along the dominant 
wavelength line, to the total distance between the 
illurninant and the spectrum locus along this line. 

Worked example 4 
A coloured surface L has the spectral reflectance values 
between 400 and 540 nm as shown in the table below. The 
table also includes the E A ~ A  weighted ordinates for 
illurninant Db5. 

Wavelength,nm 400 420 440 460 480 500 520 540 
Reflectance,% 16.2 14.3 10.4 6.7 5.1 4.8 4.2 4.1 
Weightedordinate 1.1 15.4 34.4 35.4 15.9 4.0 1.0 0.2 

a Excitation purity =- b 

0 0.1 0.3 0.5 0.7 

Figure 2 CIE chromaticity diagram (1964, 10" observer), showing the 
locations of illuminants A and D,, 
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Calculate the Z tristimulus value of surface L; 
Explain, in terms of colour perception, why reflect- 
ance values above 540 nm are not required for the 
calculation of the Z value; 
A second surface M has identical reflectance values to 
those of L between 400 and 540 nm, but different 
values above 540 nm. Given the following X and Y 
tristimulus values for each surface: 

X Y 

L 8.84 6.34 
M 6.09 7.54 

describe: 
(i) the visual difference between L and M; 
(ii) how the reflectance values of L and M might be 

expected to differ in the spectral region 560-700 
nm. 

Solution and comments 
(a) The Z tristimulus value will be given by: 

Z = (16.2 x 1.1 + 14.3 x 15.4 + 10.4 x 34.4 
+ 6.7 x 35.4+ 5.1 x 15.9 + 4.8 x 4 
+ 4 . 2 ~  1 + 4.1 x 0.2y100 

so z = 9.38. 

Note that the weighted ordinates given (and those 
published in texts) assume that the reflectance is 
measured as a factor, not a percentage. 

(b) The amount of the Z imaginary primary required in ad- 
mixture with the X and Y primaries to match wave- 
lengths above 540 nm (about 555 nm, actually) is zero - 
these wavelengths could be matched by mixtures of X 
and Y alone. Thus, reflected light above this wave- 
length contributes nothing to the Z tristimulus value. 

(c) Since M only differs in reflectance from L above 
540 nm, the Z tristimulus values of the two will be the 
same. Their chromaticity co-ordinates are L: x = 0.36, 
y = 0.26; M x = 0.26,~ = 0.33 so colour L willbe a dark 
pink of low chroma, whereas colour M will be a dark 
greenish blue also of low chroma. Colour L has a much 
higher Xvalue than M, so it will have higher reflectance 
in the red region of the spectrum. However, it has a 
lower Y value so is likely to have a lower reflectance in 
the green region. 

Colour constancy and metamerism [5] 
It is important to be clear about the distinction between 
these two terms. Colour constancy is a property of just one 
sample, whereas metamerism refers to a pair of samples. 
Usually, a pair of samples is metameric because one of 
them is less colour constant than the other, so that when 
the illuminant is changed, they change their appearance 
in different ways. It might be possible that a pair of 
samples is non-metameric when neither of the samples in 
the pair is colour constant if they change colour in the 
same way when the illuminant is changed. 

Worked example 5 
A surface colour L has tristimulus values under illumin- 
ants D65 and A shown in the table below. 

Illurninant A Illurninant D,yj 
X Y Z  X Y Z  

L 29.43 35.80 18.75 34.77 35.13 5.95 

Calculate the chromaticity coordinates and plot them in 
the chromaticity diagram. Determine the dominant 
wavelengths and excitation purities of the colour under 
each illurninant, and interpret the change in colour which 
would be perceived when the illuminant under which 
they are viewed is changed from D6 to A. 

Solution and comments 
The chromaticity co-ordinates are: 

Illuminant A x = 0.350, y = 0.426 

Illuminant D65 x = 0.458, y = 0.463 

from which the dominant wavelengths and excitation 
purities are found to be: 

Illuminant A: = 572 nm, pe = 0.44 

Illuminant D65: & = 564 nm, pe = 0.39 

Thus, on changing from illurninant D65 to illuminant A, 
the hue becomes yellower, the saturation greater and the 
lightness (Y value) slightly darker. It should be noted, 
however, that this interpretation ignores the ability of the 
human colour vision system to compensate for changes in 
lighting conditions. Thus, surface colours can be perceived 
to have almost the same colour appearance when viewed 
under different illuminants, especially if they are viewed 
together with other colours. This aspect is considered 
further in the next question. 

Worked example 6 
A standard colour and two sample colours (R and S) have 
the CIE L* u" b* values given in the table below. 

Illuminant D6 Illuminant A 
L' a' b* L' a' b' 

Standard 45 -24 0 45 -20 0 
SampleR 45 -25 0 45 -25 0 
Samples 45 -26 0 45 -17 0 

(a) State, with reasons, which of the three colours is the 
least colour constant. 

(b) Deduce whether the degree of metamerism is greater 
between sample R and the standard, between sample 
S and the standard, or whether they are the same. 

(c) Comment on the reliability of the data for deducing 
the visual changes which occu~ 
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Solution and comments produced by mathematical transformation of the 
Sample S will be the least colour constant since its a* 
value changes by 9 units, more than it changes for 
either the standard or sample R. 
If the CIELab equation is used to quanbfy the degree 
of metamerism, then the difference in the a* values 
gives AE directly. The colour differences will therefore 
be 

Illurninant D6  Illuminant A 
~~~ 

Standarm 0 5 
Standara 1 3 

so it can be concluded that the standard& pair is more 
metameric than the standarm pak 
The fundamental issue is the relationship between the 
L*u*b* coordinates and colour appearance, under 
different light sources 161. Colours which possess the 
same coordinates under two different sources will not 
necessarily have the same colour appearance to the 
adapted eye, and so will not necessarily be colour 
constant. The magnitude of the difference in the 
coordinates when the illuminant is changed is also not 
a reliable guide to the magnitude of the visual 
difference that would be perceived. Another issue is 
the accuracy of colour-difference equations such as the 
CIELAB equation, though over a small volume of the 
colour space it should be reasonably accurate for 
comparing colour differences. The data given in the 
question also raise the issue regarding the definition of 
metamerism which, strictly, requires two colours to be 
identical under one light source. In industrial practice, 
a standard and a batch are more likely to be a 
'commercially acceptable' match, which does not 
mean a tristimulus or L*a*b* match. If they are 
metameric, the colour difference is so large when the 
pair are viewed under another source that the colour 
difference is unacceptable. Thus the standard/S pair in 
the question may fall into this category, whilst the data 
for the standard& pair accord with the strict definition 
of metamerism. 

Colour-diff erence equations 
The function of a colour-difference equation is to provide 
a numerical value which is proportional to the size of the 
perceived difference between two colours. Most equations 
are based on the determination of the geometric distance 
apart of the two colours in colour space, by application of 
the Pythagoras theorem [A. Thus, if the three dimensional 
tristimulus space is used, the simple colour-difference 
equation: 

(AE l2 = + (AY l2 + (AZ )2 

results. However this equation is unsatisfactory because 
the tristimulus space is visually non-uniform and various 
pairs of colours, all of which have similar perceived 
differences, have vastly different AE values. 

A visually uniform three-dimensional colour space, 

kstimulus space, is required. One of the more successful 
141 is based on the two-dimensional chromatic-value 
diagram developed by Adams, to which the third 
lightness dimension was added by Nickerson. Application 
of the Pythagoras theorem to the resulting Lab space gave 
the ANLAB colour-difference equation. The CIELAB 
equation [8,9] was developed from ANLAB, differing in 
that it uses a cube-root approximation, rather than the 
solution of a complex fifthdegree polynomial expression, 
to obtain the L*a*b* values of colours from their 
tristimulus values. 

The CIELAB 1976 equation is: 

(AE)2 = (AL* )2 + ( A u * ) ~  + (Ab* )2 

The asterisks on L*, u* and 6" indicate calculation by the 
cube-root approximation, instead of the fifth-degree 
polynomial expression used by the ANLAB equation. For 
values of X/X@ Y/Yo or Z/Zo < 0.008856, different equations 
from the cube-root are used. Mainly, this situation applies 
to very dark colours, and in most cases the equations 
given above are used. The locations of colours in the Lab 
diagram are shown in Figure 3. 

The lightness of a colour is specified by the L* value, 
and the difference in lightness between two colours is 
given by AL* = L*l - L*z. The chroma of a colour is given 
by the distance the colour lies from the origin of the axes: 
C*2 = a*2 + P2; the difference in chroma between two 
colours is given by AC* = - C*2. The hue of a colour is 
specified by the hue angle, h", where h" = tan-'(b*/a*) with 
the reference line of 0" being the + a  (red) axis. The 
difference in hue, AH*, is not given by Aho, since the colour 
difference depends on the chroma for a given difference 
in hue angle. Instead, the hue difference has to be 
calculated indirectly: (AH*)2 = (AE)2 - (AL*)2 - (AC*)z. The 
sign of AH* is indeterminate because it is calculated from a 
square root. Howevel; the usual convention is to make the 
sign positive if the sample lies in an anti-clockwise 
direction from the standard, and negative if it lies in a 
clockwise direction. 

The hue difference can also be obtained using the 
equation: 

AH* = 2(C;Ci)0'5 Sin(Ahl2) 

The CIE L*a*b* space is not perfectly visually uniform. If it 
were, colours of equal visual difference from a common 
standard would all be located equidistant from the 
standard in the colour space around it, tracing out a 
sphere. In fact, such colours trace out ellipsoidal 
boundaries around their respective standards, the size, 
shape and orientation of which vary in a regular way 
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throughout the L*u*b* space [lo]. This visual non- 
u.iiformity is accounted for by the CMC(1:c) equation [ll]: 

where the values of SL/ Sc and SH are the values of the 
semi-axis of the ellipsoid for the particular region of the 
colour space in which the standard is located and are 
computed from the L*c*h" values of the standard as 
follows: 

SL = O.O40975L*/(l + O.O1765L*) unless L* < 16 when SL 
= 0.511 

Sc = O.O638C*/(l + O.O131C*) + 0.638 
S" = SC(Tf+ 1 -f> 

where f = {(C*)4/[(C*)4 + 1900])0.5 

unless h" is between 164" and 3454 

when T = 0.56 + \0.2cos (h" + 168)l 

T = 0.36 + 10.4cos (h" + 35)) 

The 1 and c values allow the relative contributions of the 
differences in lightness, chroma and hue to the overall AE 
values to be adjusted. For perceptibility judgements on 
textiles, 1 = c = 1,  and all three components have equal 
weighting. For acceptability judgements, it is recom- 
mended that 1 = 2 and c = 1, so that the weighting of the 
lightness component is halved. Other values for 1 and c 
have been suggested for substrates such as carpets or 
leather. 

The CMC(I:c) equation was derived from visual pass/ 
fail data obtained from a single study involving 55 colour 
centres distributed uniformly throughout the colour 
space. A more extensive analysis of all of the visual 
assessments of colour differences available in the literature 
led to the development of the BFD(I:c) equation [12]. 
Whilst the structure of this equation is fundamentally the 
same as that of the CMC (1:c) equation, there are important 
differences. A different lightness scale is used, one which 
is considered to be more accurate for lightness differences 
in chromatic colours than the cube-root scale. Also, the 
BFD(1:c) equation accounts for the tilting of the ellipsoids 
in the hudchroma plane of the colour space, which the 
CMC(1:c) equation does not. 

Worked example 7 (ASDC 1992, question 10) 
Describe the CIE L*u*b* (1976) system of colour 
specification and comment on its relationship to the 
trichromatic and the opponent theories of colour vision. 
The CIE L*u*b* values for four coloured panels Al, A= B1 
and Bz are given in the table below. Describe the colour of 
panels Al and B1 and calculate the total colour difference 
and the differences in lightness, chroma and hue between 
A, and A= and between B1 and B2 

Sample L* a* b* 

A1 56.70 37.10 46.90 
A2 57.25 36.50 47.40 
B1 61.70 -37.23 -20.15 
B2 61.10 -38.40 -21.95 

Solution and comments 
References 1 and 2 cover the first part of this question. It is 
always difficult to describe colours in absolute terms by 
interpretation of L*u*b* values; describing colour 
differences is much easier. However, it is useful to 
remember that colour has the three attributes of lightness, 
chroma and hue, so any description should indicate these 
characteristics. 

Panel A]: 
Lightness: L* = 56.7. Since L* = 50 is mid-lightness the 

panel can be said to be reasonably light. 
Chroma: C* = (37.12 + 46.92)0.5 = 59.8. A neutral grey 

has C* = 0, but for chromatic colours, C* does not have an 
upper limit. It is useful to have 'feel' for chroma values 
from practical experience. In this case, the C* value is quite 
high and the panel has rich colouc 

Hue: ho = tan-'(46.90/37.10) = 51.69 which is in the 
orange region of the u* b* diagram. 

Thus panel Al is a reasonably light, rich orange colour. 

Panel B1: 
Lightness: L* = 61.7, which is fairly light 
Chroma: C* = (-37.232 + (-20.15)2)0.5 = 42.33, which is 

Hue: ho = tan-'(-20.15/-37.23) = 28.4" 
Note here that u* and b* are both negative and the 

colour of panel B1 lies in the third quadrant of the u*b* 
diagram. Consequently, its hue angle is greater than 180" 
and is actually 28.4 + 180; that is, 208.4'. When deter- 
mining hue angles using a calculator, the rules are: 
(a) If u* is positive and b* is positive: the colour lies in the 

first quadrant and a calculator gives the correct value 
(between 0 and 909. 

(b) If u* is negative and b* is positive: the colour lies in 
the second quadrant and 180 should be added to the 
(negative) value given by the calculator to obtain 
the correct value (between 90 and lSO9. 

(c) If u* is negative and b* is negative: the colour lies in 
the third quadrant and 180 should be added to 
the (positive) value given by the calculator to obtain 
the correct value (between 180 and 2709. 

(d) If u* is positive and b* is negative: the colour lies in 
the fourth quadrant and 360 should be added to the 
(negative) value given by the calculator to obtain 
the correct value (between 270 and 3609. 

reasonably rich 

When interpreting hue angle values, it should be 
remembered that, whilst notionally the axes are labelled as 
shown in Figure 3, in practice the pure hues (Munsell hue 
5 colours) lie as shown in Figure 1. Thus, panel B1, with its 
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Figure 3 The CIELAB colour space 

hue angle of 208.4", is likely to have a blue-green (cyan) 
hue. In conclusion, panel B1 is a fairly light, reasonably 
rich blue-green coloui 

Calculation of the total colour difference and its 
components: 

Panels AI-A2: 

(AE)' = (AL*)' + (Ad)' + (Ab*)' 
SO (AE)' = (56.70 - 57.25)' + (37.10 - 36.50)2 + (46.90 - 

47.4)' 
and A€ = 0.95 

Lightness difference: AL* = 56.70 - 57.25 = -0.55 
Chroma difference: C*l = 59.80, C*2 = (36.9 + 47.42)0.5 = 

59.82 
AC* = 59.8 - 59.82 = -0.02 

Hue difference: AH* = [(AE*)2 - (AL*)'- (AC*)'Io5 
AH* = i0.952 - (-0.55)2 - (-0.02)2p5 
AH* = 0.77 

Thus, the hue difference contributes the most to the 
overall colour difference between the two panels. The 
chroma difference is neghgible. 

Panels B1-b: 
(AEJ2 = (61.7 - 61.1)' + (-37.23 - -38.4)2 + (-20.15 - 

AE = 2.23 
-21.95)2 

Lightness difference: AL* = 0.6 
Chroma difference: AC* = 42.33 - (-38.4' + -21.952)0.5 

AC" = -1.9 

Hue difference: AH* = (2.322-0.62- 1.9)O5 = 1.0 

In this case, the chroma difference contributes the most to 
the overall colour difference. 

This question does not specifically call for an inter- 
pretation of these values in terms of the visual colour 
differences, but to do this reasonably straightforward. The 
colour having the higher L* value is the lighter and that 
having the higher C* is the richer, more colourful. 
However, the interpretation of the differences in hue is 
more tricky and the hue angles need to be considered. The 
rule is to rotate the line between the origin of the u*b*-axes 
and the location of the standard in the direction of the 
location of the batch in the u*b* diagram, and past it until 
one of the axes is crossed. The hue associated with this axis 
describes how the hue of the batch differs from that of the 
standard. 

A': ho = 51.60 A': ho = tan-' (47.W.5) = 52.4" 

B1: ho = 208.4" &: ho = tan-' (-21.95/-38.4) + 180 = 209.7" 

The hue angles for the panels are: 

Figure 4 shows how the rule applies to the pairs A'-A2 and 
BI-B2. The outcome is that panel A2 will be yellower than 
Al and that panel b will be bluer than B1. It should be 
noted that the application of this rule to colours that lie 
near to the axes may be inappropriate. 

Worked example 8 
The CIE L*u*b* values for four fabrics M, N, P and Q, 
under illuminant D65 are given in the table below. 

Sample L* a* b* 

M 52.00 14.93 1.44 
N 52.00 14.78 2.55 
P 52.00 44.79 4.31 
Q 52.00 44.34 7.66 

A, 7 
+a 

-b 

Figure 4 Determination of hue differences 
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Calculate the hue difference, AH*, between M and N 
and between P and Q. Comment on the values 
obtained. for each pair in relation to their hue angle 
and chroma. 
Explain why the colour of fabric M would be 
described as being bluer, rather than reddel; than that 
of fabric N. 

Solution and comments 
Fabrics M-N 
The first step is to calculate the total colour difference 
using 

(AE)2  = (AL*)' + + (Ab*)2 

(LE)~ = 0 + (14.93 - 14.78)2 + (1.44 - 2.55)' = 1.255 

Next, the difference in chroma is required: 

C*M = (14.93' + l.44')0.5 = 15.0 

C*N = (14.782 + 2.55')0.5, SO AC* = 0 

Then AH* = [(AQ2- (AL*)2- (AC*)2]o.5, 

SO AH*-(1.255-0-0)0.5= 1.12 

The hue angles are: 

= tan-' (1.W14.93) = 5.5" 

h o ~  = tan-' (2.55D4.78) = 9.84 so Aho = 4.3" 

Fabrics P-Q 
The corresponding calculations give 

(AE)' = 11.425 

C*p = 45.0 

and C*, = 45.0, 

so AC* = Oagain. 

hence AH* = 11.425°.5 = 3.38 

The hue angles are hop = 5.5 and hoQ = 9.8, so Aho = 4.3". 

The conclusion to be drawn is that the hue angle 
differences between the samples of each pair are very 
similar, yet the calculated hue difference AH* is far greater 
for the rich (high chroma) pair P-Q, than for the less 
saturated pair M-N. Thus, Aho is not a satisfactory 
measure of the hue difference between two colours. Since 
the differences in lightness and in chroma are both zero in 
each case, the total colour difference is the same as the hue 
difference. 

For part (b), Figure 3 is relevant. Both fabrics lie close to 
the +a* axis with M being the closest. However, it would 
be unhelpful to say that fabric M is redder shade (of red) 
than fabric N. Therefore, the second axis to be crossed, the 
blue axis, gives the more accurate description. 

Worked example 9 (ASDC 1983, question 6) 
Define the relationship between u*b* and hue angle and 
chroma for the 1976 CIE L*a*b* colour space. 

The L*, a* and b* values for four coloured surfaces 
under illuminant D65 are given below. 

Surface L* a* b' 

A 28 11 -47 
B 27 9 -43 
C 57 39 70 
D 59 36 74 

Describe the colours of samples A and C, and the colour 
differences between A and B and between C and D. In the 
case of each pair (A-B and C-D), suggest how a dye or 
pigment recipe might be altered to make one sample of 
the pair match the other sample. 

Solution and comments 
The first part of this question is dealt with in the 
introduction to this section and in reference 9. On the face 
of it, the rest of the question does not involve any 
computational effort, but in order to be able to interpret 
the data given in visual terms, the differences in lightness, 
chroma and hue need to be calculated. 

The differences in lightness are: 

The values for the chroma are found to be: 

Sample A: 48.27; Sample 8: 43.93, 

Samples A-B: 1.0; Samples C-D: -2.0 

giving AC*=4.34 

Sample C: 80.13; Sample D 82.29, 

giving AC* = -2.16 

The hue angles are: 

Sample A: ho = tan-' (47/11) = -76.8 + 360 = 283.2' 

Sample B: ho = tan-' (43/9) = -78.2 + 360 = 281.8" 

Sample C: ho = tan-' (70/39) = 60.9" 

Sample D: ho = tan-' (74136) = 64.1" 

The overall colour differences (CIELAB equation) are 
found to be: 

Samples A-B: 4.58; Samples C-D: 5.39 

so the hue differences AH* are: 

Samples A-B: 1.09; Samples C-D: 4 . 5 1  

(remember the rule for deciding the sign on AH*; in these 
cases samples B and D have been taken as the 'standards'.) 

Description of colours: 
Remember that the visual attributes of lightness, chroma 
and hue should be described. 
Sample A: lightness = 28, so fairly dark 

chroma = 48.27, so fairly rich 
hue: hue angle = 283.29 so it is a reddish blue. 
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Sample C: lightness = 57, so reasonably light 
chroma = 80.1, so very rich 
hue: hue angle = 60.99 so it is orange 

Description of colour differences: 
Samples A-B: sample A is slightly lighter, much richer 

and redder than sample B 
SamplesC-D: sample C is lighter, slightly paler and a 

much redder shade of orange than sample 
D. 

Alteration of dydpigment recipes to improve the match: 
It is difficult to give wholly exact answers to these types of 
questions. The best assumption to begin with is that the 
recipe comprises a mixture of yellow, red and blue dyes 
(or pigments). Also, in general, the more colour present in 
a system, the greater the chroma and the darker the 
colour. It is always difficult in deciding how to alter a 
recipe whether, if more of one dye is added, some of 
another should be removed to compensate. 

Pair A-B: if sample B is taken as the standard, sample A is 
too red, much too rich and slightly too light. A 
reduction in the amount of red present will reduce the 
chroma and reduce the redness, but may result in an 
increased lightness, instead of the required decrease. 
Consequently a slight increase in the amount of blue is 
possibly needed. 

Pair C-D: if sample D is taken as the standard, sample C is 
too light, much too red and slightly pale. Thus, more 
colorant overall is required and, possibly, the shift 
required could be achieved solely by increasing the 
concentration of the yellow. 

Worked example 10 
The CIE L*C*ho values for a standard and a batch of 
polyester cloth dye to match it are given below: 

L' C' h" 

Standard 40.82 23.18 132.3 
Batch 40.34 23.55 132.9 

Using the CIELAB 1976 colour-difference equation, 
determine whether the batch will be rated as acceptable or 
unacceptable as a match to the standard, given that the 
tolerance limit of acceptability is 1.0 CIELAB unit. 

Solution and comments 
The a*b* values need to be determined, which is achieved 
using standard trigonometry. Both the standard and the 
batch lie in the second quadrant, so the hue angle given by 
a calculator would be the difference between 180 and the 
above values; that is, 47.7 and 47.1" respectively. The sin 
ratio can be used to obtain b*. 

Standard: b* = 23.18 x sin 47.7 = 17.14 from which 
a* = (23.M2- 17.142)0.5 = 15.6 

Remembering that the standard lies in the second 
quadrant 

a* = -15.6, so the co-ordinates are 
L' = 40.82, U* = -15.6, b" = 17.14. 

Batch: the corresponding calculations give 

Application of the CIELAB equation gives AE = 0.65, 
which is less than the tolerance limit, so the sample is rated 
as acceptable. 

L' = 40.34, U* = -16.03, b* = 17.25. 

Worked example 11 
Four coloured fabrics J, K, L and M have the following 
colorimetric values: 

L' a* b* C' 

J 43.57 6.18 8.95 10.87 
K 43.57 6.89 9.97 12.12 
L 29.11 38.23 55.32 67.24 
M 29.11 38.94 56.35 68.50 

The colour difference between the pairs of fabric J-K and 
L-M is due only to a difference in chroma, there being no 
difference in hue or in lightness. Calculate the colour 
difference for each pair J-K and L-M using: 
(a) the CIELab equation; 
@) the CMC(I:c) equation. 

and comment on the values obtained. The major semi-axis 
value in the chroma direction from a standard of chroma 
C* is given by 

O.O638C* + o.638 s, = 
1 + 0.0131C* 

Solution and comments 
Since there is no difference in lightness or in hue between 
the samples of each pair, the CIELAB equation reduces to 

(LE)~ = + (b*)2 

and the CMC(1:c) equation to 

AE = ((AC*/CSC)~)~.~ 

Fabrics J-K 
CIELAB equation: 

AE = ((6.89 - 6.18)2 + (9.97 - 8.95)')O.' 

AE = 1.24 

CMC(1:c) equation: 

Sc = (0.0638 x 10.87)/(1 + 0.0131 x 10.87) + 0.638 

sc = 1.25 

hence AE = (((12.12- 10.87y(l x l.25))2)0.5AE = 1.00 
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Fabrics L-M 
CIELAB equation: 

AE = ((38.94 - 38.23)’ + (56.35 - 55.32)’)O.’ 

AE = 1.25 

CMC(I:c) equation: 

S, = (0.0638 x 67.24)/(1 + 0.0131 x 67.24) + 0.638 

Sc = 2.92 

hence AE = (((68.50 - 67.24)/(1 x 2.92))2)0.5 

AE = 0.43 

Perceptibility (l:l), AE = 1.183; 

Acceptability (21), AE = 0.734 

(b) The main conclusion here is that the main difference is 
one of lightness and the overall perceptible difference 
is quite high. However, in calculating AE for an 
acceptability judgement, its significance is halved and 
the batch is rated as acceptable. 

The interpretation of the results is an important 
requirement of this question. It should be noticed that pair 
J-K are of low chroma, whilst pair L M  are of much higher 
chroma and that all four colours have the Same hue angle 
(the question indicates there is no hue difference). The 
difference in chroma is the same between J-K as between 
L-M and the CIELAB equation accordingly gives about 
the same AE value for each pair, rating them both as 
unacceptable matches, if the tolerance limit is taken as 1.0. 
However, the CMC(1:c) equation takes into account the 
fact that, at higher saturation levels, the tolerance limit in 
the chroma direction increases because the Lab (or K H )  
space is visually non-uniform. Thus, in reality, a given 
difference in chroma value has much less significance 
visually at high chroma than it does at low chroma, a fact 
reflected in the low value obtained for AE from the 
CMC(I:c) equation for pair J-K. 

Worked example 12 
The CIE L*a*b* values of a standard colour and a batch of 
material dyed to match it are given in the table below. 

L* a* b* 

Standard 47.22 -18.22 17.64 
Batch 46.09 -17.88 16.83 

(a) Calculate the colour-difference between the standard 
and the batch using the CMC(I:c) equation, for both 
acceptability and perceptibility conditions, given that 
the tolerance ellipsoid semi-axis values SL SC, SH are 
1.064,1.852 and 1.400 respectively. 

(b) Comment on the two values of AE obtained, given 
that the tolerance limit of acceptability = 1.000 unit. 

Solution and comments 
(a) The a*, AC* and AH* values have to be determined 

first, using the CIELAB equations. The values obtained 
are: 

AL* -1.130, AC* = -0.805, AH* = 0.351 

The CMC(I:c) equation is now applied to obtain the AE 
values. For acceptability, 1 = 1, and for perceptibility, 
1 = 2, in this equation. The values of AE obtained are: 

Shade sorting 
When many batches of material have been dyed to match 
the same standard shade, it may be that some are not 
acceptable colour matches. Rather than shading or 
stripping and redyeing such unacceptable batches, it is 
cheaper and easier to sort them into groups, so that all the 
batches in a group are an acceptable match to each other. 
Even though the colour of the batches in these groups 
may be quite different from that of the standard, a 
clothing manufacturer may be happy to take them if there 
are enough in a group for a reasonable production run. 

Shade sorting can be carried out visually, but this is time 
consuming and inaccurate. Numerical methods, which 
are more reliable and efficient, are based on two methods 
- the block systems and the clustering methods [13,14]. 
The block systems, such as the ‘555’ system (Figure 5) or 

AH 

Figure 5 ‘555 shade sorting blocks 
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Figure 6 Rhornbic dodecahedron (a) and truncated octahedron 
(b) shade sorting blocks 

the truncated octahedron and rhombic dodecahedron 
systems (Figure 6) define a rigid structure of close-packed 
'blocks' in the colour space around the standard, into 
which a sample is placed, according to the magnitude of 
its differences in lightness, chroma and hue from the 
standard. Each of the 'blocks' is labelled according to the 
direction in which it lies from the standard. 

The clustering method differs in that the sorting 
algorithm does not refer to the standard and groups the 
batches into 'clusters' by first finding their nearest 
neighbours in the colour space and pairing them. The 
clusters are then built up in size by pairing the pairs, or by 
adding more single batches (as long as the colour- 
difference between them is less than the tolerance limit). 
The clustering method has the advantage that it produces 
far fewer sorted groups from a given set of batches than 
the block methods, but the clusters do not have any 
particular fixed shape and their location depends on the 
colour coordinates of the particular batches in the set. 
Thus, it is not possible to give a cluster a meaningful 
identifier in terms of its relationship to the original 
standard, which some regard as a disadvantage. 

Worked example 13 
(a) Explain the principle of the '555' system of shade 

sorting, showing clearly how the system 
accommodates both positive and negative differences 
in AL*, AC* and AH* between colours. 

@) Two fabrics, P and Q, have the following L*u*b* 
values: 

L' a' b' 

P 62.0 14.0 48.5 
Q 60.5 14.8 49.6 

Assuming fabric P to be the standard, determine the code 
of the cuboid into which the fabric Q would be placed 
according to the '555' system, given that the tolerance 
limits on AL*, AC* and AH* are 0.8,0.4 and 0.2 respectively. 

Solution and comments 
(a) The introduction to this section and references 13 and 

14 cover this aspect of the question. 
(b) It is necessary first to calculate the differences in 

lightness, chroma and hue between the two colours. 
These are found to be: 

AL* = -1.5, AC" = 1.28 LW* = -0.46 

To find the code for the cuboid in the AL.* direction, the 
boundary lirmts of each cuboid need to be determined. 
The tolerance limit on AL" is 0.8, so the boundaries of the 
box in which the standard is located are 0.4 units of 
lightness difference on either side of the standard. 
Thereafter, the boundaries occur at every increment of 0.8 
(Figure 7). 

AL* is -1.5 so sample Q will lie in the cuboid defined by 
code 3. By application of similar principles to each of the 
chroma and hue differences, setting the boundaries 
according to the tolerance limits given in the question, 
codes of 8 in the chroma direction and 3 in the hue 
direction are obtained. Thus the cuboid into which sample 
Q will be placed is that defined by the code 383. 

Whiteness 1151 
Whiteness is an attribute associated with colours of high 
lightness and low chroma. An equation has long been 
sought which would provide a single scale of whiteness so 
that, from the equation, a whiteness index for a sample 
could be calculated. To this end, many equations have 
been proposed, with the different industries, for example 
paper, paint, textiles, each having their own preferences. 

The difficulty in devising an equation has been in 
establishing the weightings of lightness and chroma- 
ticness to yield a scale which relates to perceived 
whiteness. This difficulty is compounded by the fact that 
attitudes towards preferred whites differ from one 
continent to anothet After a long study, the CIE approved 
in 1982 its whiteness index: W = Y + 800 (x, - x )  + 1700 (y, 
- y) where x, y and Y are the colorimetric values of the 
specimen, and x, and y, are the chromaticity coordinates 
of the light source under which they were measured. This 
equation is formulated so that the CIE concept of the 
'perfect reflecting diffuser' has a whiteness index of 100.0. 

It is common practice to apply fluorescent whitening 
agents (FWAs) to textiles to improve their whiteness 
appearance, these substances absorbing light in the near 
ultra-violet region of the spectrum and emitting the 

-2.0 -1.2 -0.4 0.4 1.2 

* Indicates location of the standard 

Figure 7 
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energy as light of longer wavelength, in the low visible. 
This emitted light effectively adds to the reflectance and 
increases the lightness so that values of W well in excess of 
100 can be achieved. The wavelength of peak emission of 
the light has an influence on the hue of the resulting white 
and, to indicate the hue, the CIE has also defined a tint 
factor, T,, given by T, = 900(xn - x) - 650(y,, - y), where the 
chromaticity coordinates are for the 10" observer. 
According to this equation, green shades of which give 
positive values of T,, red shades of white gives negative 
values and, if T, is zero, the white has a bluish tint with a 
dominant wavelength of 466 nm. 

The formulae for W and T are applicable only to 
samples whose values of W or T lie within the following 
limits: 40 c W c 5Y -280 and -3 c T < + 3 

Worked example 14 
(a) Discuss the problems which arise in the accurate 

measurement of the reflectance values of white 
textiles, with particular reference to fabrics which have 
been treated with fluorescent brightening agents. 

(b) The tristimulus values (Db5, 10" observer) of two 
samples of white cloth are given below: 

X Y Z 

Sample 1 81.29 85.19 95.98 
Sample2 81.59 85.77 87.68 

Analyse these data to determine which of the two samples 
will appear the better white when viewed under average 
daylight. 

Solution and comments 
(a) This whole subject is a minefield, so there should be 

no difficulty to find something to write about! Broadly, 
an answer should show reflectance curves of typical 
whites and whites treated with WAS. For untreated 
whites, the important issue is the correct calibration of 
the instrument against a white standard tile of high 
reflectance, since readings will be at the top end of the 
detector response range. In the case of whites treated 
with FWAs, the reflectance may be appreciably higher 
than loo%, so the detector should be able to cope with 
the high light flu. Other essential points are: 
(i) The need for measurements to correspond to 

what is seen. 
(ii) The UV content in the light source, which should 

be similar to that in natural daylight, but which 
often is not. This is adjustable in many instrument 
types but selecting the correct level is largely 
guesswork. 

(iii) Design of the spectrophotometer - polychromatic 
illumination and monochromatic viewing is 
required, otherwise readings that are too low in 
the blue region where fluorescence emission 
occurs will be obtained. 

(b) The chromaticity coordinates are found to be: 

Sample 1: x = 0.3097, y = 0.3246; 

Sample 2 x = 0.3199, y = 0.3363. 

The chromaticness differences from the source are: 

Sample 1: x, - x = 0.313 - 0.3097 = 0.0033 

Sample 2 x,, - x = 0.313 - 0.3199 = -0.0069 

Thus, sample 2 has greater lightness, but also greater 
chroma. The CIE index of whiteness equation gives: 

Sample 1: W = 95.31; 
Sample 2: W = 67.84 

Hence, despite its slightly higher Y value, sample 2 is a 
poorer white than sample 1, mainly because of its high 
chroma and low Z value (lacks blueness). 

Y,, - y = 0.329 - 0.3246 = 0.0044 

Y,, - y = 0.329 - 0.3363 = -0.0073 

Spectrophotometry and reflectometry 1161 
The measurement of the reflectance of opaque surfaces is 
rather more complex than the measurement of trans- 
mission of solutions or transparent media. Reflectance is 
measured by comparing the flux reflected from the 
sample surface with that reflected from a reference white, 
similarly illuminated. The CIE definition of the reference 
white is the 'perfect reflecting diffuser', which is a surface 
that reflects all incident light uniformly in all directions 
above it. The reading so obtained is referred to as the 
reflectance factoi Surfaces vary enormously, from highly 
glossy paint films, to corduroy fabrics and carpets. 

A characteristic of glossy surfaces is their mirror-like 
reflection, termed the 'specular' reflection, which is light 
reflected directly from the surface at an angle equal to the 
angle of incidence. This light does not penetrate the 
surface and interact with colorant molecules within it, so 
its spectral composition is the essentially same as that of 
the incident light. The other reflected light, termed the 
diffuse reflection, is light which emerges from the'surface 
after interaction with the colorant molecules, so has a 
spectral composition that depends on the absorption 
properties of these molecules. In most spectro- 
photometers, it is possible to make measurements with the 
specular component either included or excluded from the 
reading. A wide variety of spectrophotometers is available 
and, in order to standardise design, the CIE has defined 
four illuminatinghiewing conditions for reflectance 
measurements [2]. 

Another aspect of the design of spectrophotometers is 
whether they employ polychromatic illumination with 
monochromatic viewing or vice versa. Both types are 
satisfactory for reflectance measurements of non- 
fluorescent materials, but those which have mono- 
chromatic illumination and polychromatic viewing are 
unsuitable for measuring the reflectance of fluorescent 
surfaces. Even with instruments of the 'correct' design, the 
type of light source in the instrument is important, since 

66 REV. PROG. COLORATION VOLUME 24 1994 



the fluorescence emission is dependent on the spectral ..................... - - - - - - -  intensity of the illumination. 

Worked example 15 
The spectral reflectance values of a blue gloss paint panel 
were measured in two ways: with the specular com- 
ponent included (S.INC) and excluded (S.EXC), and the 
values used to compute the tristimulus values for illumin- 
ant D6,J100 observex Deduce the nature of the differences 
expected between the two sets of tristimulus values which 
would be obtained in each of the following cases: 
(a) The light source in the instrument is a daylight 

simulator; 
(b) The light source in the instrument is a tungsten 

filament lamp. 

@) 

u tion and commen ts 
Daylight has a spectral power distribution which is 
reasonably constant throughout the visible region of 
the spectrum, though it rises to a maximum in the 
blue and falls off slightly towards the red region. The 
S.INC reflectances will be higher than the S.EXC 
values at all wavelengths because of the gloss 
reflection and so the XYZ values will be highex The 
addition of the spectral component (white light) will 
desaturate the colour seen. Consequently, the x and y 
chromaticity coordinates will increase, and the z value 
decrease. 
The spectral reflectance is a property of a coloured 
surface and as such is independent of the type of 
illumination used in the spectrophotometex However, 
if the reflected light measured contains a specular 
component which has the same specular energy 
composition as the source, then the reflectance 
measured will be influenced to a small extent by the 
nature of the source used. As in (a), the S.INC mode 
will give overall higher reflection values and therefore 
a correspondingly higher set of XYZ values than the 
S.EXC mode. However, since a tungsten source 
contains far more energy in the yellow+range-red 
region than the blue region, there will be a greater 
increase in the X and Y values than in (a) and the 
desaturation effect will be greatex 

Worked example 16 
The spectral reflectances of a piece of cotton fabric treated 
with a fluorescent brightening agent, were measured 
using: 
(a) Instrument with polychromatic illumination and 

monochromatic viewing, and UV filter removed from 
incident light beam; 

(b) As (a), but UV filter placed in the incident light beam; 
(c) Instrument with monochromatic illumination and 

polychromatic viewing. 

Identify, giving reasons, which instrument gave the 
spectral reflectance curves shown in Figure 8. 

I 1  I I I 
400 500 600 700 

Wavelength, nm 

Figure 8 

Solution and comments 
The solid-line curve will be given by the instrument with 
polychromatic illumination monochromatic viewing, with 
the UV filter removed from the incident light. The UV 
radiation in the incident light is absorbed by the FBA and 
emitted as light at a longer wavelength, that is, in the low 
visible (blue region). This emitted light causes the small 
peak in the reflectance at around 440 nm. This curve is 
more likely to represent the 'true' situation, since when 
the fabric is viewed under daylight, the same absorption/ 
emission process will occur and the values will correspond 
to what is actually seen. 

The dotted line represents the reflectance curve that 
will be given by the same type of instrument as above, but 
with the UV radiation excluded from the incident light. 
The FBA will not fluoresce because it only absorbs in the 
UV region and this reflectance curve will not be 
representative of the sample as it would appear in natural 
daylight. 

The dashed line represents the reflectance curve that 
will be given by a spectrophotometer with mono- 
chromatic illumination and a polychromatic viewing 
arrangement. The curve is inaccurate because if the 
wavelength of 400 nm, which is absorbed and causes a 
small amount of fluorescence emission, is incident on the 
fabric, the photodetector responds both to the light 
reflected at that wavelength, plus the fluorescence 
emission, resulting in a reading which is too high for that 
wavelength. Then, when a wavelength in blue region (for 
example, 440 nm) is incident on the fabric, no absorption 
and therefore no fluorescence occurs and the reading for 
this wavelength is too low. 

Colour measurement and its application 

Absorption of light by transparent media 
This section applies to the passage of light through 
coloured media where no scattering or reflection of light 
occurs, such as solutions of dyes. Absorption spectro- 
photometry involves the measurement of the light 
transmitted through a solution contained in a cell at a 
selected wavelength. A spectrophotometer can be pro- 
grammed to record the transmission over a range of 
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Solution U 
concn, c 

Incident beam, 

(monochromatic) 

Transmitted 
beam, I intensity, 

Figure 9 Measurement of transmission 

wavelengths if desired. The cells used are made either of 
glass or fused silica (if measurements are to be made in the 
UV region of the spectrum) and the passage of light 
through the cell is shown in Figure 9. 

The combined Beer-Lambert law relates the amount of 
light absorbed by a solution to the concentration of the 
absorbing species and the length of the path the light 
travels through it. The law leads to the expression: 

where E is a constant for a given substance at a given 
wavelength. 

Usually, the percentage of the incident light transmitted 
(9 is measured, in which case the expression can be 
written: 

A = log (100/7J = d 

where A is the absorbance. 
The constant E is defined as the molar absorption 

coefficient or the molar absorptivity and has the units 
1 mol-' cm-I. It was formerly called the molar extinction 
coefficient, but though this term is out of date, it is still 
used in some texts. 

The concentration does not have to be measured in 
units of mol 1-I; in the case of many dyes, the molecular 
weight is unknown anyway. It is more appropriate then to 
use a concentration either as a percentage or in g 1-', in 
which case the constant obtained is usually referred to 
simply as the absorption coefficient, E .  If the concentration 
is expressed in g 1-' the units of E will be 1 g' an-]. The 
value of E is related to the molar absorption coefficient by: 

E (1 mol-' an-') = E (1 g' an-1) x M, 

The Beer-Lambert law shows that the absorbance of a 
solution is directly related to the concentration and the 
path length. For any gven solution, the absorbance will 
vary with wavelength in a way that depends on the 
colour of the dye. The wavelength at which the absor- 
bance is a maximum is referred to as A,,,,,,, and it is usual to 
determine the molar absorption coefficient of a dye at this 
wavelength. 

The determination of the concentration of a single dye 
in solution is achieved by plotting, for a series of known 
concentrations, a graph of absorbance (at constant cell 
length) against concentration. If Beer's law is obeyed, then 
this plot will be linear and the molar absorption coefficient 
is given by the slope of the line. The absorbance of the 
unknown dye is divided by the molar absorption co- 
efficient to obtain the concentration. 

To determine the concentrations of each of two- 
components in a mixture it is assumed that the 
absorbances are additive, Amix = Al + A2. The equation 
must be applied at two wavelengths (usually Lx of each 
component), thus: 

At A': Ahx = ~ l c l l  + ~gzl 
At A2: Ah,  = ~ ~ 2 1 +  ~ $ 2 1  

and these two simultaneous equations then solved for c1 
and c2. 

A similar procedure is employed for three-component 
mixtures, where it is assumed that Ah, = Al + A2 + AJ, 
which is applied to three wavelengths, yielding three 
simultaneous equations. However, the numerical 
solutions to cl, c2 and c3 so obtained can be inaccurate if the 
absorption spectra of the components overlap to any great 
extent when the E values of the components become 
numerically similai This is more Likely in the analysis of 
three-component mixtures, so care has to be taken in the 
choice of wavelengths. 

Another issue of importance is the accuracy of 
spectrophotometers. A number of instrumental factors can 
influence the accuracy of transmission and therefore 
absorption measurements. These factors include the 
instrument bandpass, whether matched or unmatched 
cells are used in the reference and sample beams, the 
accuracy of the wavelength scale and the accuracy of the 
photometric scale. Instrument manufacturers usually 
quote error values for their instruments at different levels 
of transmission or absorbance. 

Worked example 17 (ASDC 1983, question 2) 
The measured light transmission at Lax for a particular 
dye solution is 80%. Given that the instrumental error in 
the transmission measurement is 1%, estimate the 
percentage error in the calculated dye concentration. 

Solution and comments 
Beer's law, according to absorbance, defined by 
log(lOO/T), is directly related to the concentration of the 
absorbing species, so percentage errors in concentration 
will be the same as those in the absorbances from which 
they were derived. The question therefore involves 
calculation of the percentage error in absorbance, as a 
result of the 1 % error in transmission. 

A transmission of 80% corresponds to an absorbance of 
0.097. If the true transmission should be Sl%, for example, 
the absorbance is 0.092. This is a difference of 0.005, which 
is 0.005/0.092, or 5.4% of the true reading. Note that, if the 
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true reading were taken at 79%, the same percentage error 
would be obtained. 

Worked example 18 (ASDC 1987, question 6) 
Describe the factors that should be taken into account 
when choosing the wavelengths at which to carry out 
spectrophotometric analyses of mixtures of coloured 
compounds in solution. The absorbance values of 
solutions of dye A and dye B and a mixture of A and B are 
given below. 

Absorbance at different wavelengths 

Wavelength 
(nm) 400 450 500 550 600 650 700 

(0.01%) 0.19 0.21 0.25 0.30 0.47 0.52 0.55 
Dye B 
(0.02%) 0.46 0.60 0.50 0.32 0.26 0.16 0.24 

Mixture 0.42 0.51 0.50 0.46 0.60 0.60 0.67 

DyeA 

Calculate the concentrations of A and B in the mixture. If 
each absorbance value is accurate to 0.01, estimate the 
accuracy of the calculated concentrations. Check whether 
the information provided gives any evidence of inter- 
action between the two dyes. 

Solution and comments 
As indicated above, it is necessary, for numerical reasons, 
to select the two wavelengths where one component has 
high absorption and the other low absorption. Usually 
these wavelengths correspond the A,,,= values of the 
components, these wavelengths being preferred because: 
(a) Absorbance vanes most with concentration; 
@) Absorbance varies least with wavelength in this 

region, so if the wavelength of the spectrophotometer 
is slightly inaccurate, the error in measured 
absorbance will be minimal; 

(c) Any absorbance caused by the presence of impurities 
will have minimal effect on the readings. 

If a,, cannot be used, then a wavelength on a shoulder of 
an absorption band may be a satisfactory alternative, but 
wavelengths on steep sides of absorption bands should be 
avoided. In this particular question, the most suitable 
wavelengths are 450 and 650 nm (650 nm is not quite the 
kx of dye A, but dye B has a lower absorbance at 650 than 
at 700 nm whilst that of dye A is not very much lower). 

It is first necessary to calculate the absorption co- 
efficients of each dye at each wavelength by the 
application of the Beer-Lambert law. The question does 
not gve the cell length, but it is safe to assume that all 
measurements have been made in cells of the same size, in 
which case the 1 terms will cancel in solving the 
simultaneous equations. Thus, for dye A at 450 nm: 

A = E d ,  

so 0.21 = E x 0.01 and E = 21. 

In the same way, the other absorption coefficients are 
found to be: 

Dye A at 650 nm: 52; 
Dye B at 450 nm: 30; 
Dye B at 650 nm: 8. 

The simultaneous equations are then formulated: 

At 450 nm: 0.51 = 21 x CA + 30 x CB; 

At 650 nm: 0.60 = 52 X CA + 8 X CB. 

from which CA = 0.01 % and CB = 0.01 % 
The estimation of the accuracy of the calculated 

concentrations, if the absorbances were in error by 0.01, is 
complicated because the errors in absorbance may be 
positive or negative. To obtain some idea of the maximum 
error that is likely to be obtained, a strategy which could 
be adopted would be to assume that half of the values 
used in the calculation are higher and half are lower. 
Hence, instead of the four absorption coefficients being: 

At 450 nm: 
At 650 MI: 

we now could find that they are: 

At 45Onm: 
At 650 nm: 

The absorbances of the mixture at these wavelengths 
could be 0.50 and 0.61 respectively (that is, one value 
higher and one lower by 0.01). The solution of the 
corresponding simultaneous equations gives cA = 0.0104% 
and cB = 0.0092. These concentrations are thus in error by 
4% and 8% respectively. 

The values of 0.01% for CA and CB have been obtained 
from data at the two wavelengths 450 and 650 nm. If the 
dyes obey Beer's law and do not interact with each other, 
for example by association, then their absorbances will be 
additive at all wavelengths. Thus, to test for any evidence 
of interaction, Beer's law is applied at another 
wavelength, for example: 

550 nm: A = EAcA + EBcB, 

Using the same procedure as above to compute the 
extinction coefficients at 550 nm, E A  is 30 and E B  is 16: 

hence 

This value agrees with the absorbance value given in the 
question for the mixture at 550 nm, so it is safe to assume 
that there is no interaction between the two dyes. 

A = 21, B = 30.0 
A = 52, B = 8.0 

A = 22,B = 29.5 
A = 51, B = 8.5 

A = 30 x 0.01 + 16 x 0.01, which gives 0.46. 

Worked example 19 (ASDC 1984, question 8) 
A sample of a commercial dye M is known to contain a 
pure dye D and a yellow impurity E. The pure dye D has a 
molecular weight of 350 and a molar extinction coefficient 
of 470 1 mol-' cm-' at 620 nm. The impurity E has a 
molecular weight of 410 and a molar extinction coefficient 
of 3OOO 1 mol-' cm-' at 420 nm. The following absorbances 
were measured for solutions of D and M in 1 cm cells: 
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Wavelength Absorbance Absorbance 
(nm) (dye D) (dye M) 

420 0.905 0.220 
600 0.410 0.083 
62.0 0.550 0.110 

Calculate the weight fraction of D in the commercial 
sample M. Give the reasoning on which your answer is 
based. 

Solution and comments 
Since the impurity has a yellow colour, it can be assumed 
that it does not absorb at either 600 or 620 nm. Apply 
Beer's law to the dye D at 620 nm: 

AD = QCD and 0.55 = 470 x CD, 

SO CD = 0.00117 moll-' 

then for dye D at 420 nm: 

AD = WDand 0.905 = Q X  0.00117, 

ED = 773.5 1 mol-' an-'. SO 

At 620 nm, the absorbance of dye M is due only to the pure 
dye D, 
SO AM=EbXCDandO.11=470XCD 

giving CD = 0.000234 mol I-'. 
This result can be validated to a certain extent by applying 
the law to the date for dye D at 600 nm. Thus: 

0.41 = Q x 0.00117, 

giving = 350.43 1 rnol-lcm-' 

then for the dye M at 600 nm (only D absorbs) 

0.083 = 350.43 x cD, 

giving CD = 0.000237 moll 

a value which agrees well with that derived from the data 
at 620 nm. At 420 nm, the absorbance of dye M is caused 
but the combined absorbances of dyes D and E, thus: 

A M = Q X C D +  + X C E  

0.2  = 773.5 x o.oO0234 + 3ooo x CE 

SO 

The concentrations in grams per litre will be: 

CD = 0.000234 x 350 = 0.0819 g I-' and 

CE = 0.000013 mol I-' 

CE = 0.000013 x 410 = 0.0053 g 1-' 

so the weight fraction of dye D in the commercial sample 
will be 0.0819/ (0.0819 + 0.0053), which is 0.94. 

Worked example 20 (ASDC 1985, question 6) 
Solutions of compounds A and B and of a mixture C are 
found to obey Beer's law. Measurement of absorbance 
under the conditions noted produced the following 
results: 

Compound Compound Mixture 
A B C 

Concn in soh (g I-I) 0.75 1 .o 
Cell length (an) 1 2 1 
Absorbance at A, 0.700 0.320 0.524 
Absorbance at 4 0.150 0.920 0.389 

Calculate the concentration of each compound in the 
solution of the mixture C. Calculate the molecular weight 
of compounds A and B given that their molar extinction 
coefficients at wavelength A, are 280 1 mol-' cm-' and 80 I 
mol-' an-' respectively. 

Solution and comments 
This is a standard type of twocomponent analysis, which 
requires the solution of two simultaneous equations, 
similar to the worked example 18. First, the four extinction 
coefficients have to be calculated, using the concentrations 
expressed in g I-', giving: 

2': E A  = 0.9333 and EB = 0.16 
5: E A  = 0.2 EB = 0.46 

from which the concentrations of A and B in the mixture 
are found to be 0.45 g I-' and 0.65 g I-' respectively. 
Remembering that: 

e = E  xM, 

where M, is the relative molecular mass (molecular 
weight), for 

Dye A: M, = 280/ 0.9333 = 300 
Dye B: M, = 80/0.16 = 500. 

Some compounds can exist in different forms in solution, 
either by dissociation, as in the case of weak acids or bases, 
or by association to form aggregates, as can happen with 
certain dyes. Quite often, the light-absorbing properties of 
the various forms of the compound are different, so that 
the absorbance spectrum of the compound depends very 
much on the conditions (such as pH, temperature, 
electrolyte concentration) of the solution. 

Typical of such behaviour is that shown by indicators 
used for titrations, which usually behave as weak acids: 
HX t) H+ + X- where HX and X- have very different 
absorption spectra (the proton, H+, does not absorb light). 

and on taking logarithms 

log K, = log[H+] + log ([X-HHX]) 

or pK, = pH - log ([X-HHX]). 

Beer's law can be used to determine the pK value of such 
compounds from absorbance measurements at different 
pH values. 
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Worked example 21 
Three solutions of 4-nitrobenzene-lcarboxylic acid, each 
of concentration 2.5 x 10-4 mol I-l, were prepared in buffer 
solutions at pH values 1.80, 4.25 and 11.85. The 
absorbances of these solutions, when measured in 1.0 cm 
cells at 285 nm, were 0.15, 1.39 and 1.56 respectively. 
Calculate the pK, value of the 4nitrobenzene-lcarboxylic 
acid, stating any assumptions made. 

Solution and comments 
4Nitrobenzene-l-carboxylic acid behaves as a weak acid, 
and it can be assumed that at pH 1.80 it is undissociated. 
Therefore, the absorbance of the solution at this pH is due 
only to the HX form, 

SO: A = QXCHX and 0.15 = %x x 2.5 x lP, 

giving mX = 600 1 mol-I cm-1 

Similarly, at pH 11.85 it is safe to assume that the 4- 
nitrobenzene-l-carboxylic acid is totally dissociated, so 
that the absorbance is due only to the X- ion. Accordingly, 
the value for EX- is found to be 6240. At the intermediate 
pH (4.25 in this case), both forms will be present, so Atot = 
AHX + Ax-. However, the relative amounts of each form 
depends on the degree of dissociation a at the particular 
pH: 

Species HX t) H+ + X- 
Concn c(1- a) a a 

and applymg these concentrations to Beer’s law gives: 

Atot = eHXctot(l - a) + ex-ctot a 
so 1.39 = 600 x 2.5 x @(1- a) + 6 x 0  x 2.5 x lv x a 

1.39 = 0.15-0.15a + 1.56aand a = 0.879 

Now pK, = pH - log (dl - a), 

SO PK, = 4.25 - 10g(0.879/0.121) 

giving pK, = 3.39. 

Worked example 22 
An indicator HX has an acid dissociation constant K,  of 
4.6 x lC5. The spectral absorbances of solutions of the 

1.2 

I pH 1.0 

400 440 480 520 560 600 
Wavelength. nrn 

Figure 10 
indicatorshowing the isosbestic point 

Absorption curves of acid and base form of an 

indicator at concentration 6.25 x lC5 mol dm-3 and pH 
values indicated, are given in the table below. All 
measurements were made in 10 mm cells. 

Wavelength Absorbance Absorbance 
(nm) at pH 1.0 at pH 13.0 

0.32 
0.68 
0.79 
0.80 
0.74 
0.58 
0.34 
0.10 
0.03 
0.02 
0.01 
0.00 

0.00 
0.00 
0.00 
0.00 
0.02 
0.18 
0.52 
0.91 
1.10 
1.11 
0.93 
0.55 

(a) Estimate the isosbestic point; 
(b) Calculate the absorbance at 540 nm of a solution of pH 

5.62. 

Solution and comments 
(a) An isosbestic point is shown by substances which can 

exist in solution in more than one form and occurs 
where the absorption spectra of two forms overlap. At 
the wavelength where the overlap occurs, the 
absorption coefficients of the two forms are nu- 
merically the same, so it does not matter what the 
relative proportions of the two forms are - the total 
absorbance will always be the same. For this question, 
it is a good idea to sketch a rough graph of absorbance 
against wavelength for the solutions at the two pH 
values, when the isosbestic point is found (Figure 10) 
to be approximately 0.42 at 515 nm. 

(b) This is the reverse type of calculation to that illustrated 
in example 21. The pK, is first calculated from K,, and 
found to be 4.34. The value of a is calculated next: 

pK, = pH - log(a/ 1 - a) 

4.34 = 5.62- log ( d l  - a) and 

giving a = 0.95. 

At 540 nm, 

EHX = 1600 1 mol-I cm-I 

E ~ -  = 14560 1 mol-I c n - I ,  and 

so A = 1600 x 6.Xx1C5 x 0.05 + 
14560 x 6.25~10-~ x 0.95 

so A = 0.87. 

Reflectance spectroscopy 117-191 
The classical treatment of the passage of light through a 
medium where both absorption and scattering can occur 
is that of Kubelka and Munk, the result of which is the 
equation: 
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1 - % (a  - bcothbSX) 
u - Rg + bcothbSX 

R =  

where a = 1 + (WS) 

R = reflectance (expressed on a 0-1 scale) 
K = absorption coefficient of the film 
S = scattering coefficient of the film 
X = thickness of the film 
R, = reflectance of the background. 

b = ($- 1)O.s 

If the coloured film is placed over a black background, the 
reflectance R, is given by & = U(a + b coth bSX). 

If a coloured film is completely opaque, as is usually the 
case in paint films and textiles, then X tends to infinity and 
the reflectance (now denoted R, though in practice the 
00 symbol is dropped for convenience) is given by: 

R = K/S + 1 - [(WS + 1)2- 110.5 

The inverse of this equation is most widely known: 

(1 - R)’ 
K / S =  ~ 

2R 

where R is on a scale of 0 to 1, 

or 
(100 - R)’ 

2R 
KIS = 

where R is on a scale of 0 to 100. 

For pigment systems, the specific absorption ( K )  and 
scattering (S) coefficients are each additive and vary 
linearly with concentration: 

Ktot = CI K1 + c z K z  + ... + K ,  

and Stot =c , s*  +c2s2 +...+ s, 

(1 -R) ’  c ~ K I  + ~ 2 K 2  +...+ K ,  -- - 
2R CIS]  + C ~ S ~ + . . . + S ,  hence 

where the subscript s refers to the substrate (for example, 
the resin base of a paint). It is necessary to calculate the 
specific absorption and scattering coefficients separately. 

For dyes on textiles, it is assumed that the dyes only 
absorb but do not scatter light. In this case, a specific WS 
term for each dye is used, called the absorption constant k 
but which, in effect, contains the constant scattering 
component due to the fibre. Thus: 

If just one dye is applied to a fibre, then the above 
expression has the linear form y = mx + c, so a graph of 

(1 - R)2/2R against concentration, should be linear, with a 
slope = k and intercept = (1 -&)2/2R,. 

Worked example 23 
The reflectances of undyed cotton and of samples of 
cotton dyed with a red and blue dye are shown below: 

Percentage 
reflectance 
at500nm 

Undyed cotton 88.5 
Cotton dyed with 0.25% red dye 
Cotton dyed with 1.75% blue dye 

14.7 
20.8 

(a) Calculate the reflectance at 500 nm of the cotton dyed 
with a mixture of 1.20% red dye and 0.15% blue dye; 

@) Give reasons why the value for the reflectance 
calculated may not be accurate. 

Solution and comments 
The Kubelka-Munk absorption constants need to be 
calculated for each dye: 

(100 - 88.5f 
2 x 88.5 

(100 - 14.7f 
2 x 14.7 

- 0.25k+ - 

k = 987 

(100 - 88.5f - (100 - 20.8f 1.75k+ - 
2 x 88.5 2 x 20.8 

k = 85.7 

For cotton dyed with a mixture of 1.2% red and 0.15% blue 
dyes: 

(100 - Rf 
2R 

= 0.75 + 987 x 1.2 + 85.7 x 0.15 

which leads to the quadratic expression 

R2-259613 + 10000 = 0, 

giving R = 2592 or 3.9. 

The answer sought lies between 0 and 100, so the value of 
R = 3.9% is taken. 

For part @),the analysis assumes that both of the dyes 
obey the Kubelka-Munk equation. In the case of the red 
dye, the concentration of dye on the fibre used to obtain 
the absorption constant is well below the concentration of 
dye applied in the mixture. Quite often deviations from 
the equation occur at high concentrations of dye, when 
scattering of light may occur because of the formation of 
dye aggregates. From the data given, it is not possible to 
check that the absorption constant is the same at a depth 
of 1.2% as it is at 0.25%. 
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Another aspect is the wavelength used for the analysis. 
At 500 nm, the red dye will absorb strongly and so 
reflectance will vary greatly with dye concentration. 
Accordingly, the value of the absorption constant obtained 
will be high in magnitude but prone to errors in 
reflectance measurement. In the case of the blue dye, the 
reflectance curves will not change very much with 
concentration at 500 nm so any errors in reflectance wdl 
not have a significant bearing on the value of the 
absorption constant obtained. 

Worked example 24 
The percentage reflectance values at 420 and 620 nm were 
obtained for a yellow and blue dye on wool, at the 
concentrations indicated (on weight of fibre). 
(a) Calculate the concentrations of the yellow and the 

(b) State any assumptions made in the calculation and 
blue dyes on the wool dyed with the mixture; 

test their validity where possible. 

Concn Reflectance 
420nm 620nm 

Undyed wool 60.4 83.0 
0.25% yellow only 27.0 - 
0.50% yellow only 17.9 - 

1.00% yellow only 10.9 - 
0.50% blue only 36.3 10.8 

0.75% yellow only 14.1 80.6 

Mixture of yellow and blue 16.5 19.1 

Solution and comments 
This type of question is similar to that which uses Beer’s 
law to determine the concentrations of each component of 
a two-component mixture, and involves the solution of 
two simultaneous equations. As in worked example 23, 
the absorption constant must first be calculated, in this 
case for the two dyes, at the two wavelengths. The values 
obtained are: 

At 420 nm: 
At 620 nm: 

The simultaneous equations are then set up: 

yellow k = 350.60 and blue k = 85.82; 
yellow k = 0.79 and blue k= 733.24. 

at420nm 

198.3 = 3 5 0 . 6 ~ ~  + 8 5 . 8 2 ~ ~  

at 620 nm 

Solution of these two simultaneous equations gives cy = 
0.51 % and CB = 0.23%. 

For part (b), as in the previous question, the accuracy of 
the solution depends on how well the dyes obey the 
Ihbelka-Munk equation. Data are given in this question 
to enable this to be evaluated for the yellow dye, in the 
form of reflectances at various concentrations of this dye 
on the fibre. The evaluation can be carried out in two 
ways: firstly a graph of (100 - R)2/2R against concentration 
can be plotted and assessed for linearity; secondly the 
absorption constants can be calculated for each of the 
separate reflectancdconcentration pairs and assessed for 
constancy. This latter method yields the following 
absorption constants: 

0.25%: 342.8 
0.50%: 350.6 
0.75%: 331.6 
1.00%: 351.2. 

Generally, these values are fairly consistent, with the 
exception of that at the 0.75% level. The absorption 
constant for the yellow dye at 420 nm was calculated using 
the reflectance at the 0.50% level. Had the reflectance at 
the 0.75% level been used to calculate the absorption 
constant, the value of c, obtained from the simultaneous 
equations would have been O H % ,  and cB still 0.23% 

The analysis also assumes that the dyes have the same 
light absorption properties in admixture as they do 
individually on the fibre. The only way to check this is to 
repeat the calculation at another wavelength, as in the 
Beer’s law type calculation (see worked example 18). 
Unfortunately, data are not supplied at another 
wavelength to enable this check to be carried out. 

Worked example 25 
At 520 nm, a paint containing titanium dioxide as the only 
pigment has a reflectance of 85% relative to barium 
sulphate, whereas a paint containing both red and liOz 
pigments in the ratio of 20:980 respectively has a 
reflectance 29.8%. Calculate the reflectance of a paint 
containing the same red and X02 pigments in the ratio 
7993 respectively at 520 nm, given that the red pigment 
has a scattering constant S, of 0.42 relative to Ti02 for 
which S, = 1.00. 

Solution and comments 
This question involves pigments, so the absorption and 
scattering constants must be treated separately. The 
answer has a similar structure to that of worked example 
23, in that the absorption (and scattering) constants firstly 
have to be calculated. If the only pigment present is KO2 
then: 

K ,  (100 - Rf 

K ,  (100 - 85f 
1 2x85  

_ -  - s w  2R 

_ -  - 

K ,  = 1.32 
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The reflectance of the paint containing the red and white 
pigments can now be used to obtain the absorption 
constant for the red pigment: 

(100 - 29.8y c, K ,  + c, K, - - 
2~29 .8  CwSw +CpSp 

Note that the concentration terms c, and c, must total 
unity, so the proportions of u):980 in the question translate 
into values of 0.02 and 0.98 for c, and c, respectively. 
Hence, substitution into the above equation gives: 

(0.98 x 1.323) + (0.02 x K, ) 
(0.98 x 1.00) + (0.02 x 0.42) 

82.69 = 

K, =4021.7 

Now that all the absorption and scattering constants are 
known, the reflectance for the paint containing the red 
and white pigments in the proportions 7993 can be 
calculated: 

(100 - Rf - (0.993 x 1.323) + (0.007 x 4021.7) - 
2R (0.993 x 1.00) + (0.007 x 0.42) 

= 29.59 

The quadratic equation R2 - 259.18R + 10000 = 0 results, 
from which R = 47.2%. 

Worked example 26 
The table below shows the reflectances at 550 run of paints 
containing the pigments indicated. Given that the 
scattering constants for the blue and yellow pigments are 
0.50 and 0.65 respectively, relative to S, = 1.00, calculate 
the reflectance of a paint containing the same white, blue 
and yellow pigments in the ratios a 6 8  respectively. 

Paint 

Percentage 
reflectance 
at 550 nm 

White pigment only 80.0 
White and blue pigments (91) 
White and yellow pigments (9:l) 

35.0 
27.0 

Solution and comments 
This is a similar question to the previous one, but now 
involving three pigments. Again, it is necessary to 
calculate the absorption constant for the white pigment 
from the paint containing only the white, the value being 
found to be 2.5. From the refledances of the two paints, 
the absorption constants for the blue and yellow pigments 
are obtained, these being 550.9 and 929.8 respectively. For 
the mixture of all three pigments, the equation: 

is used, which, on substitution of all the values, yields the 
quadratic equation R2 - 432.67R + lo00 = 0. Solution of 
this equation gives R = 24.5%. 

Worked example 27 
A layer of a white emulsion paint is characterised by a 
scattering constant S of 4.0 and absorption constant K of 
0.15 at 500 nm. Calculate the contrast ratio R&,B of the 
paint at this wavelength, for unit thickness of film. 

Solution and comments 
This type of question involves the use of the fundamental 
relationships developed by Kubelka and Munk. The 
reflectances of the paint film over a black background 
(Rg = 0) and then over a white background (Rg = 0.8) have 
to be calculated. Note that in these equations the 
reflectance has to be used on a 0-1 scale. It is first 
necessary to calculate the values of a and b. 

a = (S + K)/S = (4.0 + 0.15y4.0 = 1.0375 
b = (a2 - l)0.5 = ( 1.03752 - l)O.’ = 0.276 

Reflectance over a black background: 

1 
a + bcothbSX 

Ro = 

1 
1.0375 + 0.276coth(0.276 x 4 x 1) 

1 
1.0375 + (0.276 x 1.25) 

- - 

- - 

= 0.723 

Reflectance over a white background (Rg = 0.8): 

1 - Rg (a - bcothbSX) 
u - Rg + kothbSX 

R0.8 = 

1 - 0.8(1.0375 - 0.276~0th(0.276 x 4 x 1)) 
1.0375 - 0.8 + 0.276~0th(0.276 x 4 x 1) 

- - 

1 - (0.8 x 0.693) 
1.0375 - 0.8 + 0.346 

= 0.764 

The contrast ratio is now given by 0.723/0.764, that is 0.946. 
In this case, the paint was white and it really does not 
matter which wavelength is selected to carry out the 
calculation. For paints containing chromatic pigments, it is 
preferable to calculate the hiding power, given by Ydyw, 
where the Y tristimulus values are computed from the 
reflectances of the paint, over black and white 
backgrounds, across the complete visible spectrum. 
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The type of calculation above involves the deter- 
mination of hyperbolic cotangents (the coth function). The 
hyperbolic cotangent of a value x is given by: 

exp(x) + exp(-x) 
exp(x) - exp(-x) 

cothx = 

In the worked example above, the x term is substituted by 
the product bSX. 
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